The eigenvalue equation associated to the Bohr-Mottelson Hamiltonian is considered in the intrinsic reference frame and amended by replacing the harmonic oscillator potential in the β variable with a sextic oscillator potential with centrifugal barrier plus a periodic potential for the γ 
I. INTRODUCTION
Since the liquid drop model was developed [1] , the quadrupole shape coordinates were widely used by both phenomenological and microscopic formalisms to describe the basic properties of nuclear systems. Based on these coordinates, one defines quadrupole boson operators in terms of which model Hamiltonians and transition operators are defined. Since the original spherical harmonic liquid drop model was able to describe only a small amount of data for spherical nuclei, several improvements have been added. Thus, the Bohr-Mottelson model was generalized by Faessler and Greiner [2] in order to describe the small oscillations use of a large number of structure parameters which are to be fitted. A smaller number of parameters is used by the coherent state model (CSM) [5] which uses a restricted collective space generated through angular momentum projection by three deformed orthogonal functions of coherent type. The model is able to describe in a realistic fashion transitional and well deformed nuclei of various shapes including states of high and very high angular momentum. Various extensions to include other degrees of freedom like isospin [6] , single particle [7] or octupole [8, 9] degrees of freedom have been formulated [10] .
It has been noticed that a given nuclear shape may be associated with a certain symmetry.
Hence, its properties may be described with the help of the irreducible representation of the respective symmetry group. Thus, the gamma unstable nuclei can be described by the O(6) symmetry [13] , the gamma-rigid triaxial rotor by the D2 symmetry [14] , the symmetric rotor by the SU(3) symmetry and the spherical vibrator by the U(5) symmetry. Thus, even in the 50's, the symmetry properties have been greatly appreciated. However, a big push forward was brought by the interacting boson approximation (IBA) [15, 16] , which succeeded to describe the basic properties of a large number of nuclei in terms of the symmetries associated to a system of quadrupole (d) and monopole (s) bosons which generate the U(6) algebra of the IBA. The three limiting symmetries U(5), O(6) and SU(3) mentioned above in the context of the collective model are also dynamic symmetries for U (6) . Moreover, for each of these symmetries a specific group reduction chain provides the quantum numbers characterizing the states, which are suitable for a certain region of nuclei. Besides the virtue of unifying the group theoretical descriptions of nuclei exhibiting different symmetries, the procedure defines very simple reference pictures for the limiting cases. For nuclei lying close to the region characterized by a certain symmetry, the perturbative corrections are to be included.
In Refs. [17, 18] , it has been proved that on the U(5) − O(6) transition leg there exists a critical point for a second order phase transition while the U(5) − SU(3) leg has a first order phase transition. Actually, the first order phase transition takes place not only on the mentioned leg of the Casten's triangle but covers all te interior of the triangle up to the second order [19] . Examples of such nuclei, falling insider the triangle, are the Os isotopes [20] . . Recently, Iachello [21, 22] pointed out that these critical points correspond to distinct symmetries, namely E(5) and X(5), respectively. For the critical value of an ordering parameter, energies are given by the zeros of a Bessel function of half integer and irrational indices, respectively.
The description of low lying states in terms of Bessel functions was used first by Jean and Willet [13] , but the interesting feature saying that this is a critical picture in a phase transition and defines a new symmetry, was indeed advanced first in Ref. [21] .
Representatives for the two symmetries have been experimentally identified. To give an example, the relevant data for 134 Ba [23] and 152 Sm [24] suggest that they are close to the E(5) and X(5) symmetries, respectively. Another candidate for E(5) symmetry, is 102 Pd [25, 27] . A systematic search for E(5) behavior in nuclei has been reported in Ref. [26] .
In Ref. [30] we advanced the hypothesis that the critical point in a phase transition is state dependent. We tested this with a hybrid model for 134 Ba and 104 Ru. Similar property of the phase transition was investigated in the context of a schematic two level model in
Ref. [31, 32] . A rigorous analysis of the the characteristics of excited state quantum phase transitions is performed in Ref. [33] .
The departure from the γ unstable picture has been treated by several authors [28] whose contributions are reviewed by Fortunato in Ref. [34] . The difficulty in treating the γ degree of freedom consists in the fact that this variable is coupled to the rotation variables.
A full solution for the Bohr-Mottelson Hamiltonian including an explicit treatment of γ deformation variable can be found in Refs. [35] [36] [37] [38] [39] . Therein, we treated separately also the γ unstable and the rotor Hamiltonian. A more complete study of the rotor Hamiltonian and the distinct phases associated to a tilted moving rotor is given in Ref. [40] .
The treatment of the γ variable becomes even more complicated when we add to the liquid drop Hamiltonian a potential depending on β and γ at a time. To simplify the starting problem related to the inclusion of the γ variable one uses model potentials which are sums of a beta and a γ depending potentials. In this way the nice feature for the beta variable to be decoupled from the remaining 4 variables, specific to the harmonic liquid drop, is preserved. Further the potential in γ is expanded either around to γ = 0 or around
. In the first case if only the singular term is retained one obtains the infinite square well model described by Bessel functions in gamma. If the γ 2 term is added to this term, the Laguerre functions are the eigenstates of the approximated gamma depending Hamiltonian, which results in defining the functions characterizing the X(5) approach.
The drawback of these approximation consists in that the resulting γ depending functions are not periodic as the starting Hamiltonian is. Moreover, they are orthonormalized on unbound intervals although the underlying equation was derived under the condition of |γ| small. The scalar product for the space of the resulting functions is not defined based on the measure | sin 3γ|dγ as happens in the liquid drop model. Under these circumstances it happens that the approximated Hamiltonian in γ looses its hermiticity.
In some earlier publications [41, 42] we proposed a scheme where the gamma variable is described by a solvable Hamiltonian whose eigenstates are spheroidal functions which are periodic. Here we give details about the calculations and describe some new numerical applications. Moreover, the formalism was completed by treating the β variable by a Schrödinger equation associated to the Davidson's potential. Alternatively we considered the equation for a five dimensional square well potential. We have shown that the new treatment of the gamma variable removes the drawbacks mentioned above and moreover brings a substantial improvement of the numerical analysis.
Here we keep the description of the gamma variable by spheroidal functions and use a new potential for the beta variable which seems to be more suitable for a realistic description of more complex spectra. We call this approach as Sextic and Spheroidal Approach (SSA).
The potential is that of a sextic oscillator plus a centrifugal term which leads to a quasiexactly solvable model. The resulting formalism will be applied to 10 nuclei which were not included in our previous descriptions and moreover are suspected to be good candidate for exhibiting X(5) features having the ratio of excitation energies of the ground band members 4 + and 2 + close to the value of 2.9. The results of our calculations are compared with those obtained through other methods such as ISW, D and CSM.
The goals presented in the previous paragraph will be developed according to the following plan. In Section II the main ingredients of the theoretical models X(5), ISW , D and SSA will be briefly presented. The CSM is separately described in Section III. Numerical results are given and commented in Section IV, while the final conclusions are drown in Section V.
II. THE SEPARATION OF VARIABLES AND SOLUTIONS
In order to describe the critical nuclei of the U(5)−SU(3) shape phase transition, we resort the Bohr-Mottelson Hamiltonian with a potential depending on both the β and γ variables:
where
Here, β and γ are the intrinsic deformation variables, Ω denotes the Euler angles θ 1 , θ 2 and θ 3 ,Q k are the angular momentum components in the intrinsic reference frame, while B is the so called mass parameter.
A. The separation of variables
To achieve the separation of variables in Eq. (2.1), some approximations are necessary.
Choosing the potential energy in the form [13, 34] 
3) the β variable is separated from the γ and the Euler angles Ω, which are still coupled due to the rotational term:
Further, the γ is separated from the Euler angles by using the second order power expansion of the rotational term around the equilibrium value γ 0 = 0 0 (see Eq. (B.5) from Ref. [42] ): 5) and then averaging the result with the Wigner function D
The term L(L + 1)/3 multiplied by 1/β 2 is transferred to the equation for β,
while the sum of remaining terms, denoted withṼ (γ, L, K), are kept in the equation for γ.
In Eqs. (2.7) and (2.8) the following notations were used: Solutions of the β equation, corresponding to different potentials, were considered by several authors [34, 43] . Here, we mention only three of them, namely the infinite square well, the Davidson and the sextic potentials. Details about how to solve the β equation for these potentials can be found in Refs. [42, 44] .
The infinite square well potential
The solution of the β equation with an infinite square well potential, having the expression
was first time given in Ref. [13] and then in Refs. [21, 22] for E(5) and X(5) models. The β wave functions are written in terms of the Bessel functions of half integer [21] and irrational indices [22] , respectively. The solution for X(5) is:
Here, C s,L is the normalization factor, which is determined from the condition:
The corresponding eigenvalues are given in terms of the Bessel zeros x s,L :
(2.13)
The Davidson potential
Choosing in Eq. (2.7) a Davidson potential [29] of the form 14) solutions are the generalized Laguerre polynomials:
The wave functions, f n β ,m β (β) are normalized to unity with the integration measure β 4 dβ.
Energies have the following expression:
The sextic oscillator potential with a centrifugal barrier
The solution of the β equation with a sextic potential, for critical nuclei of the U(5)→SU(3) shape phase transition, was obtained by taking into consideration the solution of the Schrödinger equation with a sextic potential given in Ref. [45] and applied to the E(5) like nuclei in Ref. [46] and to the triaxial nuclei in Ref. [44] .
In order, to reduce the β equation to the Schrödinger equation with a sextic potential [45] , we rewrite the averaged rotational term, given by Eq. (2.6), in the following form:
As already mentioned, the first term of the above equation is added to the β equation, while the other terms remain in the γ equation. Making the substitution f (β) = β −2 ϕ(β) we have:
The sextic potential is chosen such that to obtain the description from Ref. [44] :
Here, c is a constant which has two different values, one for L even and other for L odd:
The constants u ± 0 are fixed such that the potential for L odd has the same minimum energy as the potential for L even. The solutions of Eq. (2.18), with the potential given by the Eq. 22) where N n β ,L are the normalization factor, while P
The corresponding excitation energy is:
where λ
− 4bs is the eigenvalue of the equation:
Within the X(5) model [22] , devoted to the description of the critical point in the phase transition SU(5) → SU(3), the potential is a sum of an infinite square well in the β variable and a harmonic oscillator in the γ variable. For the rotational term and the other terms of the γ equation, the first order Taylor expansion around γ 0 = 0 0 is considered, which results in obtaining for the γ variable the radial equation of a two dimensional oscillator with the solution
where L |K| n are the generalized Laguerre polynomials. The eigenvalue of the γ equation has the following expression:
where a is a parameter characterizing the oscillator potential in the γ variable. The total energy and wave function is obtain by combining the results of all variables:
If the total energy (2.27) is normalized to the energy of the ground state, we will have for the ground band and for the first beta band the expression
while for the first γ band
One notes that the parameters A and C give contribution only to the γ band energies, and that these two parameters can be replaced with only one parameter, for example X = A+4C.
The total energy for the ground band and for the first β and γ bands, normalized to the energy of the ground state, can be written in the form:
Further the parameters B 1 and X will be fitted by the least square procedure for each considered nucleus.
The ISW model
Within the ISW model, employed in the present paper, the β equation is treated as in the X(5) model, using an infinite square well (ISW), while the γ equation is reduced to a spheroidal equation. The ISW model was proposed, by one of the authors (A.A.R) and his collaborators in Ref. [41] and subsequently with more details and applications in Ref.
[42]. Here, only the solutions will be presented. The potential v 2 (γ) was chosen such that a minimum in γ = 0 0 is achieved:
This potential is renormalized by a contribution coming from the γ rotational term and consequently an effective reduced potential for the γ variable results , and then making the change of variable x = cos 3γ in Eq.
(2.8) we obtain the equation for the spheroidal functions [42] :
From Eq. (2.36) we can determine the eigenvalue of the γ equation:
In Eq. (2.37), the term u 1 /2 is washed out when the total energy is normalized to the ground state energy, which results in getting the γ eigenvalue depending on the sum of the γ potential parameters, due to the term c 2 . Hence, in some cases we can set one parameter to be equal to zero, for example u 2 , and consequently fit only u 1 . The γ functions are normalized to unity with the integration measure | sin 3γ|dγ as the Bohr-Mottelson model requires:
The total energy is obtained by summing the contributions coming from the β (2.13) and the γ (2.37) equations:
where the following notations were introduced:
The total wave function is:
where with C nγ,mγ was denoted the normalization factor of the γ function, while C L,K is the normalization factor of the Wigner function:
The D model was proposed by the present authors and collaborators in Ref. [42] and differs from the ISW model by that the infinite square well potential for the β variable is replaced with the Davidson potential (2.14). Hence, the total energy of the system is obtained by adding the energy of the β equation with Davidson potential given by Eq.
(2.16) and the energy of the γ equation (2.37):
where E =h 2 /2B. The total wave function has the expression:
where with C n β ,L is the normalization factor of f n β ,L (β) given by the Eq. (2.15).
The present approach
In the present approach, called conventionally the 
In Eq. (2.45), the term 2L(L + 1)/3 multiplied with 1/9 comes from the rotational term (2.17). The expression for the total energy of the system is obtained by using the Eqs.
(2.23,2.45):
The corresponding wave function, is:
where ϕ n β ,L (β) is given by Eq. (2.22).
D. E2 transition probabilities
The reduced E2 transition probabilities are determined by:
where the Rose's convention [47] was used. For the ISW, D and SSA models, in Eq. (2.48),
an anharmonic transition operator is used:
The parameters t 1 and t 2 will be determined by the least squares method. For the X (5) model, in the limit of γ−small, only the harmonic part of the transition operator (2.49) is used:
The first term of the Eq. (2.50) gives contributions only to △K = 0 transitions, while the second term to △K = 2 transitions. For △K = 0 transitions, the matrix element of the γ variable is reduced to the orthogonality condition, while for △K = 2 the γ matrix element can be considered as an intrinsic transition matrix element. Finally, the reduced transition probabilities will depend on two parameters [48] . Here, we will denote these two parameters with t for △K = 0 transitions and t ′ for △K = 2 transitions, respectively.
III. THE COHERENT STATE MODEL
CSM defines [5] first a restricted collective space whose vectors are model states of ground, β and γ bands. In choosing these states we were guided by some experimental information which results in formulating a set of criteria to be fulfilled by the searched states.
All these restrictions required are fulfilled by the following set of three deformed quadrupole boson states:
where the excitation operators for β and γ bands are defined by:
and projected states contain the salient features of the major collective bands. Since we attempt to set up a very simple model we relay on the experimental feature saying that the β band is largely decoupled from the ground as well as from the γ bands and choose a model
Hamiltonian whose matrix elements between beta states and states belonging either to the ground or to the gamma band are all equal to zero. The simplest Hamiltonian obeying this restriction is
whereN is the boson number,Ĵ 2 -angular momentum squared and Ω † β ′ denotes:
Higher order terms in boson operators can be added to the Hamiltonian H without altering the decoupling condition for the beta band. An example of this kind is the correction:
The energies for beta band as well as for the gamma band states of odd angular momentum are described as average values of H (3.5), or H + ∆H on ϕ β JM and ϕ γ JM (J-odd), respectively. As for the energies for the ground band and those of gamma band states with even angular momentum, they are obtained by diagonalizing a 2x2 matrix for each J.
The quadrupole transition operator is considered to be a sum of a linear term in bosons and one which is quadratic in the quadrupole bosons:
Note that if q 3 = 2q 2 the quadrupole transition operator can be obtained from the quadrupole transition operator expressed in terms of the collective quadruple coordinates α 2µ :
The anharmonic term in the above expression can be obtained by expanding the deformed mean field around the spherical equilibrium shape [50, 51] of the nuclear surface. For the near vibrational regime the interband matrix elements of the q 3 term is vanishing within the CSM [5] . Moreover, a transition operator depending on two free parameters seems to be suitable for describing the E2 transition probabilities in several regions of the nuclides chart [52] .
Using the Rose convention [47] , the reduced probability for the E2 transition J
can be expressed as:
Three specific features of CSM are worth to be mentioned:
a) The model states are generated through projection from a coherent state and two excitations of that through simple polynomial boson operators. Thus, it is expected that the projected states may account for the semiclassical behavior of the nuclear system staying in a state of high spin.
b) The states are infinite series of bosons and thus highly deformed states can be described.
c) The model Hamiltonian is not commuting with the boson number operator and because of this property a basis generated from a coherent state is expected to be most suitable.
The CSM has been successfully applied to several nuclei exhibiting various equilibrium shapes which according to the IBA (Interacting Boson Approximation) classification, exhibit the SO(6), SU(5) and SU(3) symmetries, respectively. Several improvements of CSM has been proposed by considering additional degrees of freedom like isospin [6] , quasiparticle [7] or collective octupole coordinates [8, 9] . CSM has been also used to describe some nonaxial nuclei [49] and the results were compared with those obtained with the Rotation-Vibration
Model [2] . A review of the CSM achievements is found in Ref. [10] . The terms involved in the model Hamiltonians used in by CSM [5] and its generalized version [6] have microscopic counterparts as shown in [11] and [12] , respectively.
IV. NUMERICAL RESULTS

A. Parameters
The parameters which define the energies and the E2 transitions probabilities of the models X (5) Some parameters vary by a large amount from one isotope to another but the relative variation is small. For example in the case of Os isotopes the parameters could be interpolated by smooth curves. One parameter is falling aside namely those of 188 Os, which seems to achieve the critical point of the shape transition, i.e. exhibits a X(5) behavior.
We note that the parameter F involves the average value β 2 which, in principle, is an angular momentum dependent quantity. Therefore the differential equation in γ should be iteratively solved, at each step the inserted average value being calculated with the wave function provided in the previous step. When the convergence of the process is met, one keeps the average value for the chosen angular momentum. Here, β 2 was taken constant.
Whether this hypothesis is valid or not can be posterity checked. To this goal we represented in Fig. 1 the average β 2 for each of the models ISW , D and SSA. We notice that the average value is only slightly depending on J and that is especially true for ISW and SSA.
If the limit of β 2 when the convergence of the iterations mentioned above is reached, depends on J like the averages shown in Fig. 1 , one could say that keeping β 2 constant one ignores a slight decrease of energy with angular momentum.
With the parameters listed above the potentials in the variables β and γ and the wave functions describing the low lying states from the ground, beta and gamma bands respec- maximum and one minimum. The maximum of the |φ| 2 distribution for the three states represented in the quoted figures is achieved in a point which is close to the potential minimum.
If |φ| 2 is multiplied with the integration measure over β the probability distribution has a β is characterized by two maxima for the probability distribution of the beta variable. This feature reflects the specific structure of the excitation operator of this state, from the ground state i.e., n β = 1. The behavior of the wave functions in the variable γ is mainly determined by the discontinuity for γ = 0 and
. The potential has two minima, one well pronounced near the first wall and one very flat close to the γ = π 3 discontinuity. Due to this structure the wave function describing a state in the ground bad has two maxima located above the mentioned minima. The state + γ heading the gamma band has an additional maximum.
B. Energies
The spectra of the chosen nuclei, determined by the models X (5) to the value of 2.9 assigned to the critical point of the transition SU(5)→SU(3), which is described by the solvable model called X(5). Despite this, the X(5) approach provides a description which is worse than those obtained with the other models proposed here. For 156 Dy, besides the intraband transitions in the ground band, few interband transitions from the gamma to the ground band are experimentally known. As seen from Table XXII the agreement of calculations with the experimental data is quite good.
In Ref. [62] measured data in 150 Nd for intraband transitions ground to ground and beta to beta as well interband transitions to ground band have been reported. These data are described reasonably well by the five approaches as shown in Table XXI For some cases the value of the t 2 obtained through the least square procedure is very large.
The reason is as follows.
Within the SSA, the t 2 term of the transition operator contribute mainly to the interband transitions while its matrix elements between states of a given band are very small. However, for the mentioned cases there are only few experimental data for interband transitions, most of the data referring to the intraband transitions. Consequently, the least square procedure is using small matrix elements of the intraband transitions which results in obtaining huge numbers for t 2 . An equally good description of these cases would be obtained by ignoring the t 2 term. We kept however this term just for the sake of having an unitary approach.
The results for the E2 transitions raise the question why the models X(5), ISW, D, SSA predict close results although the states involved are described by different wave functions in the variables β and γ. It seems that these differences are washed out by the fitting procedure adopted for the strengths of the transition operator . Moreover, the factor function depending on the Euler angles are common in the mentioned 4 approaches, this giving the dominant contribution to the reduced transition probability.
One signature for the triaxiality of the nuclear shape is the equality:
The departure from this rule, ∆E = |E 2 [44] and from here, indicate that the two nuclei might be equally well described by both approaches. 168 Hf. Table V shows that these nuclei have the largest deformations and moreover for the first two nuclei the ratio R 4 + /2 + has the values 3.08 and 3.11 respectively, which deviate most from the X(5) value. The quoted ratio for 150 Nd is 2.93 which is close to the X(5)
value but its deformation is the largest one.
The sextic potential for the β assures a more realistic description of the excited states where the the excitation of the beta degree of freedom is important. This is best seen in the excellent agreement of the calculated excitation energies in the beta and gamma bands with the corresponding experimental data.
The final conclusion is that the SSA, proposed in this paper, proves to be a suitable tool for a realistic description of the X(5) like nuclei.
